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Abstract
A decomposition for the SU(2) Yang-Mills field in the low-energy limit is obtained by supposing
that, in the low-energy limit, the field strength tensor of an SU(2) Yang-Mills field can be obtained
by multiplying two parts, Gµν and n, such that Gµν = Gµνn. Gµν is a space-time tensor and
n is an isotriplet unit vector field that gives the Abelian direction at each space-time point. By
Abelianizing the field strength tensor Gµν , we show how (singular) vortices and monopoles can
appear in the low-energy limit of SU(2) Yang-Mills theory. If the decomposition is valid on the
boundary of the system, then we show that vortices with finite string tension can also appear. The
interesting point is that we have started with a decomposed Yang-Mills field and we have ended
up with a theory with an Abelian gauge field coupled to a scalar field. The effect of this scalar
field on monopoles is also discussed.
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I. INTRODUCTION
It is stated that ultraviolet and infrared limits of a Yang-Mills theory characterize different
regimes. The qualitative picture of this assertion is built especially by ’t Hooft and Polyakov
[1]. In the ultraviolet limit, the Yang-Mills theory is asymptotically free and perturbative
methods are adequate. This limit describes the interaction between massless gluons which
correspond to the transverse polarizations of the gauge field Aµ. At low energies the Yang-
Mills theory becomes strongly coupled and perturbative techniques fail, so nonperturbative
methods must be developed. On the other hand, Yang-Mills theories in the low-energy
limit must exhibit color confinement. Therefore, describing the confinement problem needs
nonperturbative methods and it has long been argued that the confinement can take place
through the condensation of monopoles which leads to the dual Meissner effect in a dual
superconductor [2]. For a review of the dual superconductor picture, see [3].
Nonperturbative effects in the low-energy limit can be presented effectively by the topo-
logical structures of the gauge theory such as vortices and monopoles. The underlying gauge
symmetry can be represented by the nontrivial topological degrees of freedom. There are
some methods for extracting these topological degrees of freedom in the pure Yang-Mills
theory, e.g., Abelian projection [4] and field decomposition [5–7]. Abelian projection is a
partial gauge fixing in which the projected gauge fields contain singularities interpreted as
topological defects. In the second method, Abelian decomposition, one can do the same
thing without gauge fixing [7]. The theories that resul from these decompositions consist of
a well defined and self-consistent subset of a non-Abelian gauge theory for a given symmetry
group. These theories are restricted and the dynamical degrees of freedom are reduced, pro-
viding us with a self-consistent but nontrivial subset of the original gauge theory. As a result
of these methods, the original Yang-Mills theory turns into electrodynamics with magnetic
monopoles, and they lead to Abelian dominance [8] and magnetic monopole dominance [9].
Indeed, in both the Abelian projection [10] and field decomposition approaches [11], one can
obtain Wu-Yang magnetic monopoles [12], and based on their condensations the potential of
a static quark-antiquark pair is derived. In agreement with lattice results, this potential is
composed of two parts: the first part is a Yukawa term that dominates the ultraviolet limit
or the short-range limit, and the second part is a linear term responsible for the confinement
that dominates the low-energy limit which is valid at large distances.
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Even though the gauge field Aµ is a proper order parameter for describing the theory in its
high-energy limit, in the low-energy limit some other parameters become more appropriate.
Therefore, one can decompose the Yang-Mills field to new collective variables that are more
appropriate for describing the low-energy limit. Decomposing the Yang-Mills fields has been
done by various methods. These decompositions pursue different purposes, in particular,
in connection with the issue of quark confinement in quantum chromodynamics (QCD).
In Cho’s restricted SU(2) Yang-Mills theory [5], there are four degrees of freedom: two
dynamical and two topological while an SU(2) Yang-Mills field has six dynamical degrees
of freedom. Hence, it seems that in the infrared limit, some degrees of freedom do not
play considerable roles. One can extend Cho’s restricted theory so that it consists all six
dynamical degrees of freedom of an SU(2) Yang-Mills field [5]. A unified treatment of both
monopoles and center vortices within the scenario of Cho decomposition can be found in
Ref. [13]. In the Faddeev-Niemi method , a special form of Cho decomposition is studied [6].
Faddeev and Niemi declare that their decomposition of SU(2) Yang-Mills theory is complete,
but this assertion has been criticized recently and their reformulation is inequivalent to Yang-
Mills theory [14, 15]. However, One can obtain Skyrme-Faddeev Lagrangian by integrating
out some of the new variables appearing in their decomposition [16]. The Skyrme-Faddeev
theory, like QCD, is a theory of confinement that confines the magnetic flux of the monopoles
[17]. In addition, Faddeev and Niemi have investigated the possibility that the low-energy
spectrum of pure Yang-Mills theory can be constructed of closed and knotted strings as
stable solitons [6]. They derive an off-shell generalization of their decomposition [18] and
they also present a new decomposition that realizes explicitly a symmetry between electric
and magnetic variables, suggesting a duality picture between the corresponding phases [19].
In this paper, we propose a decomposition in the low-energy limit that has the same
field strength tensor form as Cho’s restricted theory, Gµν = Gµνn, however, the form of
the decomposed Yang-Mills field is different from Cho’s restricted field. It seems that this
decomposition describes topological structures including both vortices and monopoles which
dominate the nonperturbative regime of the theory. We show that this decomposition for
the low-energy limit supports vortices as topological solitons. Topology provides the exis-
tence arguments. In addition to vortices, Wu-Yang monopoles can also be obtained in this
decomposition. However, there are great contrasts between these monopoles and vortices:
unlike vortices, Wu-Yang monopoles are not topological solitons and they do not have finite
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energy. Finally, we discuss how the scalar field that appears in our decomposition can af-
fect the magnetic field. In Paticular, monopoles cannot appear in the Higgs vacuum of the
system. In other words, magnetic monopoles are confined.
In the following sections, we introduce our decomposition in the low-energy limit by
defining Gµν such that Gµν = Gµνn. We propose a decomposition for the Abelian gauge
field. By some topological arguments, we show that a vortex solution is possible in principle.
We also show that the scalar field that appears in our decomposition provides a medium that
affects the magnetic field and makes it zero in the Higgs vacuum of the system. Therefore,
monopoles are somehow confined. Finally, the summary and discussions are given.
II. SU(2) YANG-MILLS FIELD IN THE LOW-ENERGY LIMIT
In this paper, to avoid unnecessary complications, we concentrate on the SU(2) gauge
group which is the simplest non-Abelian group. Motivated by Cho’s restricted theory, we
assume that within a good approximation, the following form of the field strength tensor
Gµν , is dominant in the low-energy limit of the SU(2) Yang-Mills theory
Gµν = Gµνn. (1)
Gµν is a colorless tensor and n is a three-components unit vector field pointing in the color
direction. We make a decomposition by constructing an orthogonal basis for the color space
by n and its derivatives, e.g., n, ∂µn, and n× ∂µn shown in Fig. (1)
n.∂µn = n.(n× ∂µn) = ∂µn.(n× ∂µn) = 0.
Then we expand the SU(2) Yang-Mills field as follows:
Aµ = Cµn+ φ1∂µn+ φ2n× ∂µn, (2)
where Cµ, φ1, and φ2 are the coefficients of the expansion.
Because of Eq. (1), Cµ, φ1, and φ2 are not independent. In the following, we find the
relation between them. For the SU(2) field strength tensor, we have
Gµν = ∂µAν − ∂νAµ + gAµ ×Aν . (3)
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FIG. 1: Constructing an orthogonal basis for the SU(2) color space at each space-time point.
Substituting Eq. (2) into Eq. (3) and requiring Gµν to have the form of Eq. (1), these
relations between φ1, φ2, and Cµ are obtained:
∂µφ1 − Cµ(1 + gφ2) = 0,
∂µφ2 − gCµφ1 = 0. (4)
Changing the variables
φ1 =
ρ
g2
,
1 + gφ2 =
σ
g
, (5)
where ρ and σ are real scalar fields and applying these new variables to Eq. (4), one obtains
∂µρ− gCµσ = 0,
∂µσ + gCµρ = 0. (6)
The above equations can be written in a compact form
Dµφ = 0,
where Dµ is the covariant derivative, Dµ = ∂µ + igCµ, and φ is a complex scalar field,
φ = ρ + iσ. Notice that the coupling between the scalar field φ, and the Abelian gauge
field Cµ, is the same as the coupling of the original SU(2) gauge theory, g. Therefore, we
conclude that the following decomposition for the SU(2) Yang-Mills field satisfies Eq. (1)
Aµ = Cµn+
1
g
∂µn× n+
ρ
g2
∂µn+
σ
g2
n× ∂µn, (7)
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with a constraint
Dµφ = (∂µ + igCµ)(ρ+ iσ) = Dµρ+ iDµσ = 0, (8)
where Dµρ = ∂µρ − gCµσ and Dµσ = ∂µσ + gCµρ. The above condition must be satisfied
in the infrared regime of the theory to get Eq. (1). Note that we have started with a Yang-
Mills field Aµ and by this decomposition, we have obtained an Abelian gauge field Cµ and
a scalar field φ coupled to it. In Sect. IV, we show that the constraint on the field φ via Eq.
(8) which relates these two fields to each other, leads to the appearance of vortices in the
theory.
Equation (8) shows how the fields ρ, σ, and Cµ depend on each other in the infrared
regime. A trivial solution for Eq. (8) is
ρ = σ = 0, (9)
which leads to Cho’s restricted theory with four degrees of freedom, two topological de-
grees of freedom for n and two dynamical degrees of freedom for Cµ corresponding to two
polarizations. The field strength tensor for Cho’s restricted theory is
Gµν = {∂µCν − ∂νCµ −
1
g
n.(∂µn× ∂νn)}n (10)
Notice that Eq. (8) is familiar, indeed Cho found the restricted SU(2) Yang-Mills field by a
similar condition
▽µn = (∂µ + gAµ×)n = 0 ⇒ Aµ = Cµn+
1
g
∂µn× n, (11)
where Cµ = Aµ.n. Hence, it seems that in the infrared limit of an Abelian or non-Abelian
Yang-Mills theory, we have a Yang-Mills field that obliges the covariant derivative of scalar
fields to be zero, ▽µn = 0.
One can overlook the condition (8) to generalize Eq. (7). Then Eq. (1) is no longer valid.
The result is Faddeev-Niemi decomposition [6] which leads to the following field strength
tensor
Gµν = {Fµν + (1−
ρ2 + σ2
g2
)Hµν}n
+
1
g2
(Dµρ∂νn−Dνρ∂µn)
+
1
g2
(Dµσn× ∂νn−Dνσn× ∂µn), (12)
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where
Fµν = ∂µCν − ∂νCµ,
Hµν = −
1
g
n.(∂µn× ∂νn). (13)
In the next section, we find a nontrivial solution for Eq. (8) and propose a decomposition
for the U(1) gauge field Cµ.
III. ABELIAN GAUGE FIELD DECOMPOSITION
The constraint, Eq. (8), which is part of our decomposition is by itself quite strong
and worth studying independently. We show how this constraint restricts the Abelian U(1)
gauge field and leads to the appearance of string-like (vortex) objects. It is similar to the
case where the condition of Eq. (11) leads to the appearance of monopoles [5]. Equation
(8) implies
∂µ(ρ
2 + σ2) = 0 ⇒ φ∗φ = ρ2 + σ2 = a2, (14)
where a is a constant. Notice that in Cho’s restricted theory a is zero, but here it is non-
zero. The non-zero value of a leads to some interesting differences between the decomposition
here and the Cho’s original decomposition, and plays an essential role in the appearance of
vortices. Equation (8) can be solved exactly for Cµ
Cµ =
1
ga2
(σ∂µρ− ρ∂µσ). (15)
In the above equation, the Abelian gauge field Cµ is decomposed to the scalar fields σ and
ρ.
The field strength tensor can be written in terms of electric and magnetic field strength
tensors, Fµν and Bµν , respectively
Gµν = (Fµν +Bµν)n, (16)
where
Fµν = ∂µCν − ∂νCµ,
Bµν = −
1
g′
n.(∂µn× ∂νn) = −
1
g
(1−
ρ2 + σ2
g2
)n.(∂µn× ∂νn). (17)
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Notice that since ρ2+σ2 = a2, the contributions of ρ and σ are included in the new coupling
g′ , where
1
g′
=
1
g
−
a2
g3
. (18)
We take a 6 g in order to have g′ > 0. Note that the coupling constant increases in the
low-energy limit, g′ > g, which is in agreement with the behavior of the coupling constant
in Yang-Mills theories.
In the next section, we use Eqs. (14) and (15) to obtain (singular) vortices. However,
if these equations are valid only on the boundary of the system, then we get vortices with
finite string tensions.
IV. VORTICES; AN EXISTENCE ARGUMENT
Vortices, which are classical string-like objects, appear in this theory as topological ob-
jects. To observe vortices, we take the boundary of the space to be a circle at infinity,
denoted by S1R. Vortices are described by the homotopy class of a mapping Π1(S
1) of the
spatial circle S1R to the coset space S = U(1) of the internal space. Now to define this
mapping, one needs a two-components scalar field in the theory, at least on S1R. The scalar
fields ρ and σ in decomposition (15) can be used to define the mapping Π1(S
1). We define
the topological charge by the homotopy class of the mapping Π1(S
1) given by (ρ, σ)
(ρ, σ); S1R → S
1 = U(1). (19)
With this opening comment we show how to extract vortices. The homotopy class Π1(S
1)
defined by the following ansatz describes the vortex with a unit flux tube
(ρ, σ) = a
−→r
r
= a(cos(ϕ), sin(ϕ)), (20)
where ϕ is the azimuthal circular coordinate of S1R and r is the distance from the z axis in
the cylindrical coordinate system. Using Eq. (20) in Eq. (15) one obtains
Cµ = −
1
g
∂µϕ,
=⇒ Cr = Cz = 0 , Cϕ = −
1
gr
. (21)
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FIG. 2: The magnetic field is zero everywhere but not on the z axis
The magnetic field
−→
B is obtained as the following
−→
B =
−→
∇ ×
−→
C = r̂(
1
r
∂Cz
∂ϕ
−
∂Cϕ
∂z
) + ϕ̂(
∂Cr
∂z
−
∂Cz
∂r
)
+k̂
1
r
(
∂(rCϕ)
∂r
−
∂Cr
∂ϕ
) = 0. (22)
Indeed, in general we have
(ρ, σ) = a(cos(α), sin(α))⇒ Cµ = −
1
g
∂µα⇒ Fµν = 0. (23)
The above calculations are true every place in space, but not on the z axis where r = 0.
The magnetic flux passing through the closed curve C in Fig. (2), is not zero:
φB =
∫
S
−→
B .
−→
ds =
∫
S
(
−→
∇ ×
−→
C ).
−→
ds =
∮
C
−→
C .
−→
dl
=
∫
2pi
0
−
1
gr
rdϕ = −
2pi
g
. (24)
It shows that on the z axis the magnetic field is singular as well as Cϕ in Eq. (21). So,
although the magnetic field is zero everywhere, there exists an infinite magnetic field on the
z axis, responsible for the magnetic flux of Eq. (24), which is evidence of a string-like object
(vortex) lying on the z axis. One can obtain the magnetic field from Eq. (24)
∫
S
−→
B.
−→
ds =
∫ R
0
∫
2pi
0
B rdθ dr = −
2pi
g
=⇒
∫ R
0
B rdr = −
1
g
=⇒ B = −2
δ(r)
gr
, (25)
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therefore, the string tension of such a vortex is infinite [20].
To get vortices with finite string tension, we suggest that Eq. (14) and (15), are valid
just for the boundary of the vortex solution, r → ∞, not everywhere. Indeed, we suppose
that the decomposition (7) with the constraint (8) is true for the low-energy limit or the
boundary of the system, and for the vortex core, the decomposition (7) is still true without
the constraint (8). Therefore, if we consider Eqs. (20), eq. (21) and eq. (22) as the boundary
conditions where r → ∞, then, the Abelian field Cµ is a pure gauge on the boundary and
does not contribute to the field strength tensor Gµν of Eq. (16). The energy density on the
boundary must be zero; otherwise the string tension of the vortex will be infinite. By this
condition we can fix the value of a on the boundary. For a static configuration, the energy
density on the boundary H is
H = −L =
1
4
Gµν .G
µν =
1
4
(FµνF
µν +BµνB
µν + 2FµνB
µν) (r →∞), (26)
by choosing a = g one finds Bµν = 0 and H → 0 as r → ∞, making possible a field
configuration of finite energy.
We use our decomposition, which is true for the infrared regime corresponding to the
boundary of the system, in the above calculations. There must be a magnetic field parallel
to the z axis at the center because the magnetic flux passing through the closed curve C at
infinity is not zero. Note that if our decomposition is valid for the boundary, then there is
no singularity in the vortex core because the magnetic field can be finite. The Abelian-Higgs
model can be obtained [21] if the general decomposition (7) without the constraint (8) is used
. Obviously, the Abelian-Higgs model supports vortex solutions known as Nielsen-Olesen
vortices with finite string tension.
One can find all the homotopically inequivalent classes of the mapping (19) and the
corresponding vortex configurations by the following replacement
ϕ→ nϕ. (27)
Then the scalar field φ describes all homotopically inequivalent mappings of (19) with the
homotopy class Z
Z = n (n integer), (28)
corresponding to
Cr = Cz = 0 , Cϕ = −
n
gr
(r →∞), (29)
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for the vector potential. The magnetic flux is:
φB = −
2pin
g
. (30)
Finally, we should check if the solutions (20) and (21) at infinity when applied in Gµν
satisfy the following equations of motion
n.▽νG
µν = 0,
∂µn.▽νG
µν = 0,
(n× ∂µn).▽νG
µν = 0,
(Dµρ−Dµσn×)▽νG
µν = 0, (31)
These equations are obtained from the Faddeev-Niemi Lagrangian [6] which is valid for the
whole space, not just the boundary. However, our decomposition is valid for the boundary.
Since Gµν → 0 as r → ∞, so our particular choices for ρ, σ and Cµ satisfy the above
equations of motion. This completes the vortex existence argument.
In the next section we see that monopoles can also appear and vortices can confine them.
V. MONOPOLES IN SUPERCONDUCTING MEDIUM
In addition to the vortices, Wu-Yang monopoles can also emerge in SU(2) Yang-Mills
theory. According to Abelian dominance, the Abelian part of the SU(2) field strength
tensor Gµν dominates in the infrared limit. So, we overlook the off-diagonal parts of Gµν to
get
Gµν = (Fµν +Bµν)n, (32)
where
Bµν = µ(φ
∗φ)Hµν , (33)
and
µ(φ∗φ) = (1−
φ∗φ
g2
). (34)
µ(φ∗φ) is a parameter characteristic of the medium; we call it ”vacuum permeability”. We
have
0 6 µ(φ∗φ) 6 1. (35)
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We know that for SU(2) gauge theory, the magnetic charge which is a topological charge,
can be described by the homotopy class of the mapping Π2(S
2) of the 2D sphere S2R to the
coset space S2 = SU(2)/U(1) of the internal space. To obtain the magnetic field from Hµν ,
we choose a hedgehog configuration for n
n =
ra
r
=


sinα cosβ
sinα sinβ
cosα

 (36)
where
α = θ, β = mϕ.
θ and ϕ are the angular spherical coordinates of S2R, and m is an integer number. The
magnetic intensity H can be obtained,
−→
H = Hr̂,
H = Hθϕ = −
1
g
n.(∂θn× ∂ϕn) = −
m
g
1
r2
, (37)
where
∂θ =
∂
r∂θ
, ∂ϕ =
∂
rsinθ∂ϕ
.
From Eq. (37)
−→
∇ .
−→
H = −
m
g
4piδ(−→r ), (38)
which means that there is a magnetic monopole in the origin. Comparing Eq. (38) with the
Gauss equation for a magnetic monopole charge, −gm:
−→
∇ .
−→
H = −4pigmδ(
−→r ),
one gets
ggm = m, (39)
which is the Dirac quantization condition.
We have
−→
B = µ(φ∗φ)
−→
H. (40)
Note that the vacuum behaves like a superconducting medium in which the scalar field φ is
a condensate. Therefore, the ”vacuum permeability” depends on the value of the condensed
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field. The magnetic field
−→
B depends on the ”vacuum permeability” and in the Higgs vacuum
where φ∗φ = g2, it goes to zero. So the vacuum that is structured by the Higgs field φ does
not allow the presence of the magnetic field except in the flux-tube (vortex) form. These
vortices can confine monopoles. We recall that the existence of the monopoles has been
studied in Cho decomposition [5]. But we have discussed the effect of the condensed field,
φ, on the monopoles.
VI. SUMMARY AND DISCUSSION
We have looked for a suitable parameterization of the SU(2) Yang-Mills field in the low-
energy limit that helps to uncover the vacuum structure, particularly topological objects,
like vortices and monopoles, believed in some models to be related to the phenomenon of
confinement. We conjecture that for the low-energy limit of the SU(2) Yang-Mills theory, the
field strength tensor can be obtained by multiplying two parts, Gµν = Gµνn. The first part,
Gµν , is a tensor with the space-time indices and the second part n, is a three-components
unit vector field that selects the Abelian direction at each space-time point. This conjecture
is motivated by the form of the field strength tensor of Cho’s restricted theory. We propose
a decomposition of the SU(2) Yang-Mills field corresponding to this idea. It is similar to
the Faddeev-Niemi decomposition, but with the constraint Dµφ = (∂µ + igCµ)φ = 0. This
constraint leads to the appearance of vortices with finite energy per unit length.
The constraint Dµφ = (∂µ + igCµ)φ = 0 is similar to the constraint of Cho’s restricted
theory Dµn = (∂µ + gAµ×)n = 0. If one generalizes the condition Dµφ = 0 to be valid not
only in the infrared regime but also for the whole energy spectrum, then one gets string-
like singularities [20]. Therefore, it seems that vanishing the covariant derivative of the
scalar field in an Abelian or non-Abelian Yang-Mills theory has something to do with the
low-energy limit and the vacuum structure of the theory.
Besides vortices, Wu-Yang monopoles can also appear by choosing a hedgehog ansatz for
n. However, they appear in a medium that behaves like a superconductor with ”vacuum
permeability” µ which depends on the value of the condensate field φ. The magnetic field
goes to zero in the Higgs vacuum where µ = 0. Therefore, magnetic fields cannot penetrate
the vacuum which behaves like a superconductor medium except in a flux-tube shape. Hence,
magnetic monopoles will be confined.
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